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Motivation

Stochastic
rounding (SR)

/\

Applications ) ( Error anaIyS|s

TN

Stagnation: deep Climate simulation: bounds in O(+/n)
Gearning, PDEs > G_orenz system > Cnstead of O(n)
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Stochastic rounding
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FIGURE. SR, with q(x) = %

@ SR,(x) = x(1 4 0) such that |0] < up
o E(SRy(x)) = a()lIxT + (1 — q(x)) Lx] = x, then E(8) = 0

@ SR satisfies the mean independence property

E(dk | 61, ..., 0k—1) = E(d¢) = 0
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How can we implement this in hardware?

Let a, b € F), if we compute a + b in Fg such that g > p, it suffices to take
r=gq-—p.
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[ non-random bits
] random bits
[ ] zero bits
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How can we implement this in hardware?

Let a, b € F), if we compute a + b in Fg such that g > p, it suffices to take
r=gq-—p.

q
ma+5) | e e |
—= 1
+ P | r
’ rand ‘
SR(m(a + b))

[ non-random bits
] random bits
[ ] zero bits

Expensive!!
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How can we implement this in hardware?

Let a, b € F), if we compute a + b in Fg such that g > p, it suffices to take

r=q-—np.
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[ ] non-random bits
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Floating-Point MAC for DNN Training _
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tieys, Olivier"

Expensive!!
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Limited-precision stochastic rounding

How the behavior of SR, changes when an infinitely precise x is not available?
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Limited-precision stochastic rounding

How the behavior of SR, changes when an infinitely precise x is not available?

1- q,(X) iy

x| flor () Tl Fo  Fpir

flpr () — x|l

FIGURE. SRy, with q-(x) = S5m0
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Limited-precision stochastic rounding

How the behavior of SR, changes when an infinitely precise x is not available?

qr(x)
= q,(X)
b () ] o Se
FIGURE. SRy, with q-(x) = %

o floy,(x) =x(1+ B) such that |B] < upyr # SR, (x) =x(1+9)
o E(SRp(x)) = a:(NXT + (1 — @ () Ixl] = flpi(x)

@ The mean independence is lost

E(0k | 61,...,0k—1) = Br # E(dk)

@ [y is a random variable and E(3x) = E(dx)
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Main result

Lemma 1.

Let 61,02, ...,0, be random errors produced by a sequence of elementary
operations using SR, , and let By, Ba, ..., B, be their corresponding errors
incurred by fl,1 .. Then, the random variables oy = 0 — B for 1 < k < n are
mean independent

E(Ozk | a1, ... ,Ozk_l) = E(Ozk) = 0
Moreover, for all 1 <7 < n,

n n

H(l + ) = H(l + ax) + B;,

k=i k=i
with
1Bil < Yn—i+1(Up + tpsr) — Yn—i+1(up)
and ym(x)=(1+x)" -1
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Error analysis of algorithms with limited-precision SR

Fory =37, aibi and 0 < \ < 1, the quantity SR, ,(y) satisfies

—'SRP"(;/') —J < k(aob) (\/ UpY2n(Up)V/IN(2/X) + Yn(Up + Upir) = 7"(UP))
= k(aob) (\/Z\/ |n(2/>\)up + nUp+r) + O(H(”p: Up+r)H2)

with probability at least 1 — \.

@ It can be applied to all previous algorithms studied with SR
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Error analysis of algorithms with limited-precision SR

[Ta=i(X +6k) = TTi—i(1 + o) + B;

7 N

Martingale 1Bil < n-iv1(tp + tpsr) = Yn—iv1(tp)
O(v/nup) O(nupr)

\/

O/ + ntipe.)
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Rule of thumb

Lemma 3.

Theorem 2 leads to
O(\/FUP + nUp+,«)

we want
Vnup > nup.,

we thus have this good rule of thumb

r = [(logy n)/2]
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Numerical experiments: Rosenbrock function

The Rosenbrock function is a non-convex function defined by
f(x1,x2) = (1 — x1)? + 100(x — x?)?
with a global minimum of 0, occurring at x* = (1,1).

The gradient descent:
Xk+1 = Xk — thf(Xk)
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Numerical experiments: Rosenbrock function
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FIGURE. Convergence profiles for 6,000 iterations of gradient descent on the Rosenbrock
function. For both experiments, we average each SRy1 , error over 500 different runs, and the
learning rate is t, = 0.001.
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Numerical experiments: Rosenbrock function
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FIGURE. Convergence profiles for 6,000 iterations of gradient descent on the Rosenbrock
function. For both experiments, we average each SRy1 , error over 500 different runs, and the
learning rate is t, = 0.001.

[log,(6,000)/2] =7
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Parameter update in deep neural network training

Focus:
Training a ResNet32! model on the CIFAR-10 dataset

Training Setup:
o Hyperparameters:

> Batch Size: 128, Momentum: p = 0.9
> Total Training: 64,000 iterations (200 epochs)
> Learning Rate: ty = 0.1, reduced by 10 at 32,000 and 48,000 iterations

Numerical Precision:
o Arithmetic: bfloat16 (p = 8)
o Update Rule:

Vipr = o(pvk + 8k),
Xer1 = O(Xk — tiViq1)

o Components:

> vi: Velocity vector
> g Gradient of the loss function

1Deep Residual Learning for Image Recognition
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Parameter update in deep neural network training

Training loss Validation accuracy
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-49- SRg g %+ SRg 12 % SRg 15

FIGURE. In the baseline configuration,binary32 arithmetic with RN is used for computing, and
the same format is used for storage. For the low-precision configurations, parameters are stored
and updated using bfloat16 arithmetic with either RN or SRy, ;.
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the same format is used for storage. For the low-precision configurations, parameters are stored
and updated using bfloat16 arithmetic with either RN or SRy, ;.

log,(64,000)/2] = 8
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Conclusion

SR, SRp,r
Unbiased v X
Mean independence v X
Probabilistic bound O(v/nup) O(v/nup + nupy,)
Rule of thumb r > [(logy n)/2]

TABLE. Classic stochastic rounding versus limited-precision stochastic rounding

Preprint submitted for publication: https://arxiv.org/abs/2408.03069

Probabilistic error analysis of limited-precision stochastic rounding
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Numerical experiments: Recursive summation

Relative forward error Bounds with 1 — A = 0.9
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FIGURE. The recursive summation of n floating-point numbers drawn from a uniform
distribution between 0 and 1. For each value of n, the reported relative error for SRy , is the
average value over 500 runs.

[log,(6,000)/2] =7
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